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On　the　New　Method　for　Obtaining　So1ution　of

　　　　　Boundary－va1ue　Prob1ems　of　Eヱasticity

Misao　Hasegawa

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　且、　亙皿危亙⑰倒醜c也豆⑪皿

　　When　we　treat　stab1Hty　and　v1bヱation　prob1ems　of　an　e1ast1c　thin　p1ate，weshaI1

frequent1y　encounter　the　d1舐cu1t1es　of丘nding　their　so1utions　Therefore，the

methods　of　Ray1e1gh－R1tz，We1nstein，Tay1or勇Iguch1and　Co1latz　were　found　for

丘ndmg　their　apProx1mate　so1ut1ons．

In　Weinstein　method，the　prob1e血1s　so1ved　as　a二mod1丘ed　varエat1ona1prob1e蛆

with　a　s11ght1y　d一雌erent　boundary　cond1tions．In　Tay1or’s皿etho（1，the　comp1ete

integra1of　the　d紐erent1a1equat1on　is　irst1y　found　and．then　expanded，for　examp1e，

m　cos鮒senes　w1th　even1ntegers〃1n　order　to　sat1sfy　the　bomdary　condjt1ons、
　　　　　　　π
atκ＝士一，if1t1s　an　e▽en　function．　In　Ray1e1gh・Ritz’s　method，the　prob1em　is
　　　　　　　2

usua11y　so1ved　without　much1abour　and　ser1ous1oss　of　accuracy．

　It　is　we11known　that　the　eigenva1ue　obta1ned．by　Ray1eigh2s　pr1nc1p1e1s　a1ways

1arger．whi1e　the　va1ue　by　Wenstem’s鵬thod　sm－a11er　than　its　true　va工ue鐵There・

fore，the　va1ues　g1ven　by　these　two血ethods　are　considered　as　the　upPer　und1ower

11n11ts　of　its　tnle　e1gen▽a1ue．

Among　these　methods，We1nste1n可s　one　is　the　best　one　from　the　mathemat1ca1

standp01nt，but　there1s　the　defect　that；its　range　of　apP1icat1on　1s　ve写y　1ヱnユ1ted

On　the　contrary，Ray1e1gh－R1tzgs皿ethod　gives　a　usefu1process　to　obtain　an

appro叉i㎜ate　so1ution　but　its　accuracy　is　bad1n　compar1son　w1th　the　so1utions

obta1ned　by　the　methods　of　We1nste1n　and　Tay1or．

　　In　the　fo11owing　section，we　shau　propose　the　new　method　which　has’丘ot　the

defects　above血entioned　and1s　apP11cab1e1n㎜any　ie1ds　of　mathematica1Phys1cs．

Th1s　method　contalns　as　a　specia1case　TayIor’s　one　and　that　of　Weinste1n，1f1ts

SO1utiOn　eXiStS。

　　　　　　　　　　　　　　　　　　　　　　　　　　2。丁血e皿eW脾⑪p⑪S釧

　Let　us　cons1der　to　so1Ye　the　fo11owing11near　part1a1d雌erent1創equat1on　of〃1

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　乙（〃）＝ル，ツ），　　　　一　　　（ユ）

under　the　boundary　cond1t1ons　ofωand　its　der1vati∀es：

　　　　　　　　　　　　　　　　　　　　　　　　　　払（〃）＝O，（ゴ＝i，2，……カ）　　　　u　（2一）’

where1（劣，ヅ）1s　the　given　fmction　ofガandヅ

　If　we　can　ind　the　integra1of（1〉，the　arb1trary　constants　invo1▽ed．int01t触ust

be　detemユ1ned　so　as　to　sat1sfy　the　boundary　cond1t1ons　（2）．　But　as　th1s1s　very
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d1固cu1t　in　genera1，we　shau　cons1der　here　that　the　boundary　cond1tions（2㌻，which

do　not　s1mp1y　determlne　the　above　constants，are

　　　　　　　　　　　　　　‘　　　払（〃）＝O（ダ＝1，2，一・居）靱　　　　　　（3）

　As　the　cond1t1ons（3）ho1d　always　on　the　a11po1nts　of　the　boundaIy，thefo11ow1ng

re1ations　wi11be　obtained　for　any　arbitrary　functionゐ（κ，ツ）

　　　　　　　　　　　　　　　　　　　　1。蜘1・（り）ゐ一・（1一・・……后）　　（・1）

where　the　path　of1ntegration　bemg　a　part　of　the　bomd．ary．Therefore，we　can

determlne　the　va1ues　of　the　arb1trary　constants1nvo1Yed1nto　the1ntegra1so　as　to

sat1sfy　the　fo11ow1ng　boundary　cond1t1ons

　　　　　　　　　　　　　　　　　　　　l、蜘伽〃）ゐ一・一（1一・…一一居）．　’（・1）

and．　　　　　　　　　　　　　　　　　　1肌（〃）二0　　　　　　　　　　（ク＝居十1，・・・…　ク）　　　　　　　　　　　　　　（21）

　If　we　cons1der　a　e1gen▽a1ue　prob1em，the　va1ues　of　ratlos　of　e，ery　constants　and

the　elgenva1ue　are　determmd　from（2！）and（31）．In　pract1ce，we皿ay　use　the

adequate　express1ons　forゐ（κ，ヅ），ユf　poss1b1e，the　system　of　orthogona1norn1a11zed

fmctions．We　sha11so1ye　some　examP1es　by　th1s　method1n　the　fo11ow1ng　sect1on。

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　3．　P亙o⑫⑧沮砥亙e

　By　the　ab0Ye皿ent．oned二method，we　shau　now　so1Ye　the　fouow1ng　three　prob1e皿s，

theirst　two　of　them　were　so1Yed　already　by　theエ鵬thodsof　WeinsteinandT乱y1or．

　A）Let　us　assu皿e　that　a　square　plate　w1th　c1a㎜ped　edges1s　compressed1n　its

rmdd1e　p1ane　by　forces　un1formly　d1str1buted　a1ong　the　a11

edgeS．

　］［二et　us　take　the　coord1nate　axes（κ，切　in　the　m1dd1e　p1ane

of　a　square　p1ate　of　un1form　sma11th1ckness　such　that

or1g1n　c01ncides　w1th　it　center，theガ，ヅーaxes　are　paraue1to　the

s1des，and9－axls　perpend1cu1ar　to1ts　p1ane，and　denote　the　s1de

length　and　the　th1ckness　of　the　p1ate　by2αandゐrespect1ye1y．

Let　the　dens1ty，Young’s　mod．u1us，P01sson’s　rat1o　and　the且exura1r1g1d1ty　of　the

materia1of　the　p1ate，wh1ch1s　assumed．to　be　un1form　and1sotropic　be　denoted
　　　　　　　　　　　　　　　　　　　　亙ゐ3
byρ，亙，σ，and－1）二　　　　　　　respect1ve1y　If　we　denote　the　magn1tud．e　of　the
　　　　　　　　　　　　　　　　　　12（1＿σ2ジ

compress1ve　force　per　umt　edge　by　P，the　vertica1d．1sp1acement〃，that　ls　the　d1s－

p1acement　in9φrection，must　satisfy　the　fd11owing　partia1d－i伍erentia1equat；on：

　　　　　　　　　　　　　　・（簑讐・・、島・1簑）十・（1芸・祭）一・　（・）

and　the　boundary　cond1tions

　　　　　　　　　　　　　　　　　　　　　　　　　　∂〃
　　　　　　　　　　　　　　　　　　　　　　ω二　　　　＝O　　　　　at劣二土α，
　　　　　　　　　　　　　　　　　　　　　　　　　　∂劣

　　　　　　　　　　　　　　　　　　　　　　　　　　∂〃．
　　　　　　　　　　　　　　　　　　　　　　〃二　　　　＝O　　　　　at　y＝士o．　　　　　　　　　　　　　　　　　　（5）

　　　　　　　　　　　　　　　　　　　　　　　　　　∂ツ

　　If　we1ntroduce　new　var1ab1es　such　that

π
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iz: 

~- it = (6) ~= - 2a y, 2a x, 

the equations (4) and (5) are transformed into 

a 4w a4w ( e4w JLTp<¥ a2w + a2w =0 ( 41) ) , +2 a~4 ~ a~2a~2 + a~ 
4 e ~2 8~3 

_ aw _ 7T w O at~ :1: ~ a~ ~ ~ 2' (5/) 
w- a~ O at ~-:1: 2' 

p= D7T2 ' 

We shall adopt the following expression as the solution of (4/) which satisfies 

the boundary condition w =0 at the edges and the symmetry conditions w (~, ~) = 

w(~, ~)=w( ~, ~)=w( ~, ~)=w(~, -~)=w( ~, -~) 

w=~/A~(cosh a~~cosh ~p~7r- cosh p~~ cosh ; a~7t) cos n~ 

+~/A~ (cosha~~cosh ' ; p~7r- cosh p~~ cosh ; a~7T) cos n~ 

where a,,2-n2, p*2=n2 p, 
and ~]/ means to sum up with odd integers of n from I to oo 

As it iS known that the value of P iS Smaller than 5.33 form Rayleigh's principle, 

the above solution is transformed into 

77 ' cos /p 1 ~ cosh 7r2 cos ~ w=AI ~cosh ~ cos 

) ~ + ~/ A*~cosh n ~ c6sh " 2 cosh v'te2-p~ cosh 

2 v n p cos le 
+ Al~cosh ~ cos " 2 v p I cos v'p-1~cosh 2 )cos~ 

+~:/A ( )
 

le27r cos n~ (8) cosh n cosh v'n2-f/ cosh '/n2- *cosh 
,*~3 

The remaining boundary conditiOns are now substituded by the following condi-

tions, 

75 

J'~~~_2_ cosj~d~=0 at ~=:~: . 

- ew cosj~d~~=0 at ~= 
2' -~*~ a~ 

That iS to say, we adopt as the functions h(x, y) in S 2, the following flmctions 

_ 7T h(~, ~)=cosj~ at ~ ~ 
- 2' 

7t 

h(~, ~)= cosf - 2 ' ~ at~ ~: 
m which j denotes O and positive integers. 



}
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From the symmetry conditions ~ of the solution, it is clear that the solution~ ~8) 

7t 
which satisfies the boundary conditions at ~ = 2 also satisfies the remammg bound 

7T 7z: ary conditions at ~=- 2 and ~-:~; 2 ' The expresslon of (8) must satisfy the 

following conditions 

r " a~ cosJ~d~ O at ~ 7r2 ( 9/) ' aw 
JT * 

When we insert th.e expression for w of (8) in (9/), we obtain the following 

equations 

- ~/ A~ b~j = O, (lO) _ 
whe re 

= L ･ cosj,7T +. j } { 2' 1
 b]j 2 cos 2 v p 1 2 cosh 2 Sin j 04 smh 2 
1 + j 2 1 + j 

cosh 7t sin( v"/J 1-j) 2 + 2 sin( }""p-1+j) 

2 ,･"p-1-j v'p 1+j 

for n~3, 

7c 

cos 2 v/p l+' p I smv p + ISinh 

7T 7c X Sin(1 j) 2 2 Sin (1+j) 

1 j h 1+j ' 
(11) 

b~j=( 1)"~In[2 cosh " 2 (
 

2 p n /J n2+j sinh n07r cos fa: + nn: fir 
.
)
 7c n 

j
 cosh 2 Sin 

2 4 2 
n2 + j2 2

 

2 cosh n,7r { :"n2-p sinh p/n" 7r ~ ' ' ~ . J7T 2- ' }J .~+ f 2 n~ p+j2 ~ P 2 COSJ 2 n2 p+j2 cosh ' n p sm 2 2
 

+ Ie sinh 2 cosh / 2_ v n p v n: psmh' n p 2cos 2 2
 

7T 7T X Sin(1e j) 2 + 2 (12) sin(n+ j) 

n j n+j ' 
As it is well known from the theorem of linear homogeneous equa,tions tha.t all the 

values of A* which satl'.sfy (10) are zero unless the value of P is suitable values, 

that is, the vaiues which make the value of the determinant J being formed by 

the coefficients of A~ in (lO:), zero. When p takes the smallest root p. of J=0, the 

plate is in equilibrium in the buckling state and therefore the corresponding value 

of p is said the critical compressive force. 

If we adopt O, 1, 2,...･･･as the value of j, the above determinantal equation A=0 

is expressed by the following expression : 



1ブ

　　　　　　　　　　　　　　　　　　　　　　　　　　あ1。　み、。一あ。。…一一一

　　　　　　　　　　　　　　　　　　　　　　」＝ろn　ろ汕　ろ。ゴ…一．一・

　　　　　　　　　　　　　　　　　　　　　　　　　　ろ”　ろ．，。　ろバ・・…・

　　If　we　put

　　　　　　　　　　　　　　　　　　　　　　　π　　ノ　　　　　　　　　　π
　　　　　　　　　　　　　　　6j戸2…了〆．μ一1…h万伽

　　　　　　　　　　　　　　　　　　　　　　　物十1
　　　　　　　　　　　　　　　　　　　　　　　一　　　　　　　π　　ノ
　　　　　　　　　　　　　　　6刎一（一1）22彬…hす・κしμ…h

the　deternユ1nanta1equat1on（ユ3）1s　transfornユed1nto

　　　　　　　　　　　　　　　　　　　　　　　　010　　030．川

　　　　　　　　　　　　　　　　　　　刀＝6u　　o3ゴー

　　　　　　　　　　　　　　　　　　　　　　　　612　　032．’．

％π

＝O．　　　　　　（13）

2
・・、ク，f・・修3，　（14）

（丞5）

　　For　obta1n　the　sma11est　root　of0＝0，we　put

　　　　　　　　　　　　　　　　　　　　　　　　O1O・　0ε0’’……‘0肋一1，0

　　　　　　　　　　　　　　　　　　　D㈱＝？・1・　6・ゴ’．．’．．n・・物一・，1　二〇。　　　　（16）

　　　　　　　　　　　　　　　　　　　　　　　　0工，吻一103，吻ニゴ’’…0肋二i，吻イ

　　Then　we　ca1cuヱate　the　ser1esんμ2　　of　the　sma11est　rootμ刎ofム＝O　fσr

　〃z＝1，2，　3，・・…

　The　va1ues　ofμ肋wiユ1conyerge　to　a　deinite　ya1口eμ、as脇1ncreases．Thls1m1t・

ing　va1ueμ、is　our　requ1red　root　of　the　determ1nanta1equat1on　D＝O．Tab1e　I

shows　the　calcu1ated▽a1ues　ofμ肋for刎：1，2，3and．4

　　　　　　　　　　　　　　　　　　　　　　　　　TaMe亙．　The　va1ues　of伽、

｝

い一 い一（・…■M・・）

1 5．O 5．O 5．155

2 5．3つ8 5．304 5．2565

3 5．3034 5．3034 5．3034

4 5．3043 5．3031 5．30358

　　If　we　adopt　zero　and　ev’en　integers　as　the　va1ues　ofノ，we　have　the　corresponding

determ1nantaユequat1onη吻（even）＝O．In　thユs　case，thエs　soユut1on　is　ident1caI　w1th

that　of　Tay1or．The　ca1cu1ated　vaユues　ofんare　a1so　shown1n　Tab1e　I．

　　If　we　ad．opt　od．d　integers　as　the　va1ues　of五we　have　the　corresponding　deteト

m1nanta1equat1on1）肋（odd）＝O．In　th1s　case，th1s　so1ut1on1s1dentica1w1th　that　of

Wemstem　The　ca1cu1ated　va1ues　ofμ刎are　a1so　shown1n　Tab1e　I．

　　It1s　known　from　the　theorem　of　var1ationμ、；5．3058

　　B）　As　the　second　examp工e，1et　us　cons1der　a　transyerse　v1brat1on　of　a　square

p1ate　c1am・Ped　at　au　four　edges・If　we　use　the　same　notat1ons1n　the　preced1ng

・x・mp1・・th・雌…nt・・1・q・・ti・nf・・th・t・・n・Y・・・…b・・t・・n・fth・p1・t・。・g・。・n
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a4w a~w =0, + 2 a4w + a4w +ph (17) ax4 ax2 ey2 ay4 at2 
in which t represents tim6. 

When the plate vibrates in a normal mode, the displacement w is of the form 

w= Wcos (pt+e), ( 18) 

where W is a function of x, y or ~, ~･ If we put (18) in (17'), and transform x and 

y into ~ and ~, we get the partial differential equa'tion for W: 

a4W k W=0, (19) +2 94W + a4W 2 
a~4 a~2 a~2 a~4 

D7r4 ' 

As the four edges of the plate are clamped, the boundary conditions at the edges 

are 

aW_ 7T W= O ~~: a~ ~ ~ 2 ' (21) 
aW= 7T W= O ~ ~+ ~~ a~ 2 ' Now we adopt the following series as the solution of (19) which satisfies W- O 

at edges and the symmetry conditions, from all particular solutions of (19) 

W= ~]/Aivi , (22) where ~/ means to sum up with odd integers of i from I to - , and 
1
(
 

v v"k+1 cos v/k 1~ -cos 7T2 v'k I cosh "'k+1 ~)cos ~ 
2
 

~
 + ~cosh " 2 v k+1 cos v k l~ cos 2 v'k I cosh v'k+1 ~)cos ~ 

for i~~3 

vi = ~cosh " '2 2 v I +k cosh ' I k ~ cosh 2 ' v i2 k cosh ~'i2+k~)cosi~ l 

~ f (24) (
 

+ cosh ~ v/i2+k cosh v/i2 k~~-cosh 7r v i2-k cosh "' i~+k~)cosi~) 

The expression W of (22) must now satisfy the boundary conditions 

aW at ~=d: 7r2 ' 
=0 a~ 

~W O 7r at~ d: 

As discussed in the preceding, we consider the followmg relations as the bound 

ary conditions : 

~; 

and , J " ~ ･ Ic (21//) - aWcosJ~d~ O at ~ :1: 
__* a~ 2

 
~c 

"~2~ gW .- ~ ~ ' j cosf~d~=0 at ~==J- 7T 
2
 

q5 a~ 

in place of' (21/). Let us take O and integers as the values of j 
7c 

When we msert (22) m the equations of (21//) at ~ 2 ' we get the followmg 
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equat1OnS
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Σ；！助ザ0，　・　　　　　　（24）

Wherポ　　　　　　　　等　　　　　　　　　　　　　　　　　　　　　　　　・吻一／、（簑）簑棚　　　（・・）

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　2　　　　　　　　　2

　　It1s　eas11y　proved　that1f　the　coefac1ents－4，sat1sfy　the　re1at1ons　（24、，　the

main1ng　cond1t1ons　of（21！！）are　a1so　sat1sied　byλ、

　　E11m1nat1ng　theム’s　between（24），we　obta1n　the　determ1nantal　equation

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ろ。。、6。パー・

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ろn　6粗

　　　　　　　　　　　　　　　　　　　　　　　　　　J二　　　　＝O。　　’　　（26）
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ろパろ艶一…

When　we　put

　　　　　　　　　　　　　　　　　　6工・＝cOs号／ト1cosh号／居十10・一／

㎞　㍍レ・榊号偏、，／（27）

re・

the　determ1nanta1equat1on　becomes

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　．010　030’’．’’

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　o11　o机’’．’’
　　　　　　　　　　　　　　　　　　　　　　　　　　D＝　　　　　二〇∴　　・　　　（28）
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　012　032’’’．’

　　If　we　ind　the　sma11est　root居。of（28）分the　va1ue　of居。corresponds　the　frequency

of　the　fmdamental　mode　of　v1brat1on　wh1ch　we　aユニm．As　m　the　preced1ng　example，

We　p岨t

　　　　　　　　　　　　　　　　　　　　　　　　　　0ル　　030パ…’’．0切一1，0

　　　　　　　　　　　　　　　　　　　　刀η戸・1・　一’一・・肋ト・，・　　　　　　（29）

　　　　　　　　　　　　　　　　　　　　　　　　　　01，伽b…．川’’…0肋一j，物一1

and　caユcu1ate　the　sma11est　root居肋of1），泌＝O．The　vaIue居吻converges　to　a　d．e丘n1te

11m1t　as肋1ncreases　and　th1s11miting　va1ue1s　the　requ1red　va1αe后。。　The　ca1cu1ated

▽a1ue　ofμ脇for刎＝4is　shown　in　Tab1e　II．

　　　　　　　　　　　　　　　　　　　　　　　　　　Tab1e虹．　The　va1ues　of冶肋

　　If　we　putブ＝O，2，4　・・（0and　even　integers），we　get　the　correspond．1ng　d．eterm1－

nanta1equat1on　D胴（even）＝0　　The　smaユ1est　root后肋of　D㈱（eyen）＝O　is　ca1cu1ated

and　shown1n　Tab1e　II．Th1s　so1ution　is1dent1caヱwith　that　of　Tomot1ka　obtained

by　the　lmethod　of　Tayヱor．

　If　we　putノ＝1，3，5・・（od．d1ntegers），we　get　the　correspond1ng　d1eter㎜1nanta1
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equation D~ (odd) =0 . The smallest root k~ of D~ (odd) =0 is calculated and shown 

also in Table II. This solution is identical w.ith that of Tomotika obtained by the 

method of Weinstein. 

C) As the third example, we shall treat the problem of a laterallv_ Ioaded clamped 

square plate. This is not the eigenvalue problem, but the method is also applicable 

to this case. However, this problem has also discussed by Hencky, Way etc., -we 

shall solve it 

When we denote the lateral ioad per unit area of the plate by p, the verticai 

dispi acement w must satisfy the following partial differential equation 

a4w +2 a4w _p (30) a4w + 

a ~4 a ~4 
e ~2 a ~2 

7r4D ' 

As the four edges are clamped, ~he boundary conditions of w are 

eio + 7t w O at ~ ~ a~ ~ =~ 2 ' (32) 
w O at~ ~ ~ a~ ~ ~ 2 ' 

We shall first solve the problem by the method of Weinstein. It _is easily proved 

that that the problem of obtaining the solution of (30) which satisfies the boundary 

conditions (32) is equivalent to a minimum problem of computing the minimum 

value of the expression : 

J= f [ Jl I (Jw)~ Pwlrd~:d7 (33) 

JJ L2 J 
for all functions w(~ ~) , ' which have continuous derivatives up to the fourth order in 

the s uare S ' I [ = 7r 1 ~ i ~ ~ and which also satisfy the boundary conditions (32) 

But as it is impossible to obtain such a function in practice, we consider now 
the modified minimum problem which may be expressed as fo.ilows : 

The modified problem : It is required to find the minimum value of the expres-

sion J of (33) for all function w(~, ~) which satisfy the following boundary conditions 

on C 

w=0 , ' (34) -
and 9w gJ(~, ~)ds O = , (j=1, 2, 5,･･････2h 1) (35) 

an 

where n denotes the normal to C, ds a line element along C, and g are taken as 

follows : 

7t 

g(~ ~) cosJ~ at ~ :~ 2 ' . (36) 
71 

gJf,~, ~) cosJ~ at ~=:{: ~ ' 

When we_ perform the variation of (33) under the condition~ _(34) and (3~), we get 

the following ' equations : 
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A2w=P ･ ' (37) and on C 

w = O , (38) 
Aw= ~i/ b.g.(-E ~) , (39) j=1 J J " 

*'*Id 

in which bj denotes Lagragian indeterminate multipliers, and ~Y means to sum up 

with odd integers of j from I to 2k I . 

If, therefore, we first obtain the solution of (vQ7) satisfying (38) and (39) and then 

insert it into (35), the nonvanishing values of constants in the solution will be 

determined. 

=_ 7r 7r'. To get the solution we expand P In Founer senes in I ~ I = 2 ' 1 ~ 1 ~ 2 ' 

P ~Y ~/p~~ cos m~ cos n~ , (40) 
~ 

where ~+~-1 16p P~~=(-1) 2 7T2mn ' (41) 
and ~;/ and ~;/ mean to sum up with odd integers of m and n from I to oo 

res pectively. 

The *~olution w. hich satisfles (37), (38) and (39) is as follows : 

2h-1 
w=~]/ ~ywm~ cos m~ cos n~-H ~Yf",(~) cos~ n~ 

~ '* ~=1 -2h-1 

+ ~/f*(~) cos n.~, (42) 

w~~= ~2mn(m2+n2) ' 

f^(~) = a~(cosh n~- ~ ~ coth n27r sinh n~), (44) 

and a~ are indeterminate constants. 

When we insert w of (42) into the boundary conditions at ~ - 7T 2 Of (35) we get 

the following equations 

2k-1 
･ ･ ･ 2k-1) ~]1 ~ a~B~j-Ajj , (45) (j-1, 3, ･･･, 

in which 

n71 ~c cosh2 

.-6 n s'nh cosh n7r B~J "j 1 2 7c n7r 2
 sinh 

2
 

n7r . 16n j sin 2 cosh2 n7F . 7r smJ 2 2
 

( 2¥2 7r2 n2+j /
 

sinh n~ 
2
 

7r 

~ { 3 2 2 }, Ann 16 PSin n 2 7t n~ 7T2 sech n7c tanh 

8n 2 ' 16te 2 n. 7~:2 

(46) 

(47) 



t
 

22; 

6~j- ;, ~~j 

It is easily proved that the remaining boundary conditions are satisfied when 

the equations (45) hold. 

We can determine the values of a~ from equations (45). When we take k=4, 

the values of al' a:]' a5 and a7 are determined as follows 

al= 0.13548P, 

a3 - -6.0727 X l0-4P, 

a5 = - 1.9468 X 10-5P, (48) 
a7 = - 1.2938 X 10-8 P. 

Therefore, the deflection at the center of the plate iS 

pa4 . 
w~=1=0=0.020051 D (49) 

Novr, we shall apply our method to thiS problem. As the expression (42) satisfies 

aw (37) and (38) but does not --- = O, at boundary C, we impose the fop owing boundary 
an 

conditions 

es 

awcosJ~d~ O at ~ d: 
- 2' es a~ 

e5 

fT ･ ･ - 7T aw __"..~;_ a~ cosJ~d~ O at ~ :1: 2 ' 

in place of aw =0. 
an 

When we adopt j=0, 2,･･･ 2~k 1) and msert (42) mto (50) we get the followrng 

equations 

2h-1 2h-1 ~: a~ BP~j = ~: A/.j (51) 
where 

~ ~J n sinh n7T ' 2 n cosh2n7T sin(n-j) ~ + Sin(n+j) 7r 
2
 cosh n7c 

2 7r ~ nlc . 2
 ie + j sinh nf 2

 

cosh2 nlr 

. 7c 2n cosj~ Sinhn7r ' 2le 2 cos frt 

n sm n 2 n2+j2 . 2 Z n2+j2 . n7T 2 smh 
2
 

4(1e2 j2) ' n7T + f7r cosh , --- cos and r(n2 + j2)"" 2 2
 

n7r , 7T A ~J ~: 16Psin 2 Sm(n J) ~ + Sln(1e+j) 2 

"' 7r2n(m2+n2) n j n+j 

(52) 

(53) 

Whel~ vye t~~e -k=4, the values of al' a a and a7 are calculated a:s follows 
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al = ~0.13651P. 

a3 = -2.058 X 10-4P, (54) 
a5 = -1.286 X lO-5P, 

a7 =6.51 X 10-8 P. 

Therefore, the deflection at the center of the plate is 

w~=1=0=0.019946pD~a4 . (55) 
When we adopt j=1, 3,･･････, (2k-1) we ()btain the results (.48). This case is 

identical with that of Weinstein. ~ 
Now we consider the following expression 

- ( 2 ) (~ 9) 2h-1 7t 

w 8 - 4 + ~/f~ (~) cos n~ + :~/ f~(~) cos n~. (56) - ~ 4
 ~=1 ~=1 This expression satisfies 37' and (38 , btit does not aw = O at the boundarlr. We 

impose to the s_olution (56) the conditions (50) in place of ew =0. 

an 
When we insert (56) into (50), we get the foilowing equations 

2h-1 

~: a~B/"(j=AJ:･:/J. ....., 2k-1 ' (57) for j=1? 3 

where 

, Ie cosh2n71 
2
 // ' cosh n7T B-"j o~~ n sinh 2 sinhn7r 2

 
7r 

2
,
 

n7T 2 n7t JJr cosh 16n"-jsin sin 2
 

n7r 7t (n +J')2 sinh 2 

AJ/.:,/- j3 Sin -2 ' (59) 
When k=4, from the equations (57) we get the followmg result 

al= 0.31931P, 

a3= 8.9109XI0-5P, 

a5- 1.1458XI0-5P, ' (60) 
a7 =6.1297 X l0-9P. 

The deflection of the center of the plate is given by 

w~=~=0 =0.020035 p,=Da4 
(61) 

2(k 1) or s=0, 1, 2･･････k I and obtain the In this case, we may put s=0, 2,･･････, 

solution in the similar way described above. It is noted that the solution (56) does 

not satisfy the condition (39) and therefore, can not be applicable to the method 

pf Weinstein. 

T~e de~lecti9~ 9..f t~e center of the plate givel~ by, I~:~~cky is 

w.=~=0 = 0.020~43 pa4 (6~) D
.
_
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　　This醐1ue　is　in　good－agree狐ent　with（49）ぷく55）and（61）。

　　4．　Conc1usion

　　As1t　was　seen1n　the　precedmg　three　examp1es，the　new　method　exp1a1ned．in

th1s　paper　g1ves　a　good　nユethod　to　get　the　so1utions　of　the　prob1erns　1n　apP11ed

n1athenユat1cs・espec1al1y1n　eヱasticlty我nd1ts　accuracy　is　a1so　sat1sfactor11y　good

　　The二ma1n　feature　of　th1s　method　is　to　use　the　boundary　cond1t1ons

　　　　　　　　　　　　　　　　　　　　　　1。卿）伽ヅ）ゐ一・i・・1・・…仏（・）一α

　　The　prob1em　of　bucklmg　of　a　c－amped　square　subm1tted　to　the　action　of　shearing

forces　un1form1y　d1str1buted　a1ong　the　edges　wi11be　a1so　so1yed　by　th1s㎜ethod　Its

so1ution　wi11be　pub1ished．in　this　Bu11etin．
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On Buckling of Clamped Square Plate in Shear 

Misao Hasegaw.a 

Let us consider a clamped square pla'c, ,e submitted to the action of Shearilsg forces 

S uniformly distributed along the ed*aes. The purpose of this paper is to calculate 

the exact critical value of shearing stfess at which buckling of the plate occurs. 

The method we used is as follows. 

Let the coordinate axes (x, y) be taken in the middle plane of the plate of uniform 

small thickness in such a way that the origin coincides wi,th the center of the 

plate and the axes are parallel to the sides, and let the length of the side of the 

square, the thickness, the density, Young's rnod~llus, and Poisson's ratio of the plate 

be denoted by 2a, h, JO, E and a respectively. If w be the transversal displacement 

of a- point on the middle plane, the differential equation for w is given by 

( -h a4w ~l ~2S D a4w +2 a4w 92w =0 (1) ax4 ax2 a y axa y 2 ay4 / 

D- 12(1 a2) ' 

The boundary conditions for w ~;re 

aw O
 w- ax ~ at x-=~a, 
O
 at y-a y 

If we introduce i;he new variables such that 

7cx ~~2 a' ~=7r y 
2a 

the equations (1) and (2) are transformed as follows : 

a 4w a 4w 

+ 2 4A = O a~4 a~z8~"_ a~4 a~a~ 

w= -O at ~ 
O
 w e~ at ~=~ 2' 

D7t2 

Combining all possible particular solutions of ( 3 ) which satisfy the relations 

w(~, ~)=w(~, ~)=w(-~, -~)=w(-7, ~~), we obtain as the solutions of (3) 

w. =40 cos p." ~ (~ ~)+ ~] A~ cosh a~(~ ~) cos p~(~ ~) cos n(~+~) 
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where 

~ +~A~ Sinh a~(~-~) Sin p~(~ ~) cos n<~+~) 
~-*1 

~ +~]B~ cosh co~(~+~) cos n(~ ~) 
~=0 . 

+"~=~B~ cos v~(~+~) cos n(~-~) 

* +"~__oB~ cosh (o~(~+~) cos le(~-~) (6) 

n {(n+ ) } w - 2 +1f~2 ~9 (1e=0, 1, 2,...'...) d
 + 2An2 

2 r4 
v~ ~ ) / 2 2 -21 (n-O, 1, 2) 

f
(
 

}
 

4~ , , n2 + + 4 +2~n 2
 

-{( 2 (n 3 4......) - } =, , ) / 2 ~, ~
 co~ ~2 +2dn; le2 + 

4
 

a - ~ n - (a >0, pn>0) (n 1 2,......) ~2 p~9= 2 
_ _2i , 

+ 2~ n2 4an2 pn2 = ~ (1e=1, 2,......) 

Now we determine the ratiO's of unknown constants_ Ab : A1 : " "" so as to satiSfy 

the modified boundary conditiOns 
eB 

f~"~ w Sin s~ d~=0. 

_ _ coss7 J-t5 

~ . .2 
r~2~ ew sins~ 
'_ _ a~ coss~d~=0 
J~ ~e 

Sin s~ 
(8w cos s~ d~~~O , 

at 

J ~2~ d .-' = O aw sin s~ 

q5 a~ coss~ ' 
(s=0, 1, 2,......) 

in place of (4). 

The smallest critical value of ~ at which buckling of the plate occurs iS found 

from the conditions (7) and is as follows : 

~= 2a S D7r" ~7 32 

The value of ~=7.32...... exiSts in the range calculated by B. Budiansky and . R 
W. Connor, They obtained 7. 319 and _ 7,396 ~,s the lower and upper limits of d. 


